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Abstract
We describe several conditions under which the product of hopfian manifolds is another hopfian
manifold. As applications, the product F × A of a closed hopfian n-manifold F and a closed
orientable asphericalm-manifold A is hopfian when either pi1(F) is solvable and χ(A) 6= 0 or pi1(F)
is finite. Also, the product of any rational homology n-sphere Σn for which pi1(Σn) is finite and a
closed orientable n-manifold N with pii(N) = 0 for 1 < i < n − 1 is hopfian. Using such facts
we investigate conditions under which products of codimension-2 (orientable) fibrators are again
codimension-2 (orientable) fibrators. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
An important class of mappings between ANRs is the class of approximate fibrations,
namely, those proper mappings which satisfy an approximate version of the homotopy
lifting property defining the more familiar class of fibrations [3]. An extensive assortment
of closed n-manifoldsN , called codimension-2 (orientable) fibrators, automatically induce
approximate fibrations, in the sense that all proper maps p :M→ B from any (orientable,
respectively) (n+ 2)-manifoldM onto a metric space B—equivalently, onto a 2-manifold
B with boundary—such that each p−1(b) has the same homotopy type or, more generally,
the same shape as N are approximate fibrations. The main problem is to determine which
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manifolds N are codimension-2 fibrators. Simply connected manifolds, closed manifolds
N with pi1(N)∼= Z2 (for example, real projective n-spaces (n > 1)), and closed manifolds
with finite or abelian fundamental group and nonzero Euler characteristic are known to
be codimension-2 fibrators [2,6,20]. Furthermore, closed hopfian manifolds with hopfian
fundamental group and nonzero Euler characteristic as well as closed hopfian manifolds
with hyperhopfian fundamental group are known to be codimension-2 fibrators [8,19].
Although scarce, codimension-2 nonfibrators do exist (see [6,7,9,10]).
The question of whether the collection of codimension-2 fibrators is closed under the
Cartesian product operator remains unsolved but seems unlikely, in view of the examples
described in [9]. In [17,18], Im showed that any product of finitely many orientable
surfaces of genus at least two is a codimension-2 (orientable) fibrator. Recently Kim [20,
Corollary 3.1] generalized Im’s results to the orientation-free setting. To determine whether
a product of finitely many codimension-2 fibrators is a codimension-2 fibrator, one
confronts the related problem, which is still open, of whether all Cartesian products of
hopfian manifolds are again hopfian manifolds.
In Section 3 we provide several conditions under which the product of two hopfian man-
ifolds is hopfian. When one of them is aspherical, all that is needed is a mild incompati-
bility of their fundamental groups. As corollaries, the product F ×A of a closed hopfian
n-manifold F and a closed orientable asphericalm-manifoldA is a hopfian manifold when
either pi1(F ) is solvable and χ(A) 6= 0 or pi1(F ) is finite. Several related results about the
product of hopfian n-manifolds build up to the fact that the product F × T of closed, ori-
entable n-manifolds is hopfian if pi1(F ) is finite, pii(T ) = 0 for 1 < i < n − 1, and the
free part of Hn(F × T ) has two generators (Theorem 3.20). We treat nonorientable mani-
folds in Section 4. Finally, in Section 5 we investigate conditions under which products of
codimension-2 (orientable) fibrators are again codimension-2 (orientable) fibrators.
2. Preliminaries
Throughout this paper, the symbols χ , ', and ∼= denote Euler characteristic, homotopy
equivalence, and isomorphism, in that order. All manifolds are understood to be finite-
dimensional, connected, metric, and boundaryless. Whenever the presence of boundary is
tolerated, the object will be called a manifold with boundary.
Let Nn be a closed manifold. A proper map p :M→ B is Nn-like if each fiber p−1(b)
is shape equivalent to N . For simplicity, we shall assume each fiber p−1(b) in an Nn-like
map to be an ANR having the homotopy type of Nn.
Let f :N→N ′ be a map between closed n-manifolds. If both N and N ′ are orientable,
then the degree of f , written degf , is the nonnegative integer d such that the induced
endomorphism f∗ :Hn(N;Z) ∼= Z→ Hn(N ′;Z) ∼= Z amounts to multiplication by d , up
to sign. In general, the degree mod 2 of f is the integer d ∈ {0,1} such that the induced
endomorphism
f∗ :Hn(N;Z2)∼= Z2→Hn(N ′;Z2)∼= Z2
amounts to multiplication by d .
R.J. Daverman et al. / Topology and its Applications 103 (2000) 323–338 325
Suppose that p :M→ B is a proper, surjective map defined on an (n+ 2)-manifold M
such that each p−1(b) is a closed connected n-manifold (up to shape). When each p−1(b)
is orientable, put C = {b ∈ B: there exist a neighborhood Ub of b in B and a retraction
Rb :p
−1(Ub)→ p−1(b) such that Rb|p−1(b′) :p−1(b′)→ p−1(b) is a degree one map for
all b′ ∈ Ub}. Generally, put C′ = {b ∈ B: there exist a neighborhood Ub of b in B and a
retraction Rb :p−1(Ub)→ p−1(b) such that Rb|p−1(b′) :p−1(b′)→ p−1(b) is a degree
one mod 2 map for all b′ ∈ Ub}. Call C the continuity set of p and C′ the mod 2 continuity
set of p. Coram and Duvall [5] showed that C and C′ are dense, open subsets of B .
The following tool is indispensable for investigating codimension-2 fibrators.
Proposition 2.1 [6, Proposition 2.8]. Suppose that p :M→ B is a proper, surjective map
defined on an (n+2)-manifoldM such that each p−1(b) is a closed connected n-manifold
(up to shape). If M as well as each p−1(b) is orientable, then B is a 2-manifold and
D = B \ C is locally finite in B , where C represents the continuity set of p :M→ B . If
either M or some p−1(b), b ∈ B , is nonorientable, then B is a 2-manifold with boundary
(possibly empty) andD′ = (intB)\C′ is locally finite in B , where C′ represents the mod 2
continuity set of p.
A group Γ is said to be hopfian if every epimorphism φ :Γ → Γ is necessarily an
isomorphism; dually, Γ is said to be cohopfian if every monomorphism φ :Γ → Γ
is an isomorphism. A finitely presented group Γ is said to be hyperhopfian if every
homomorphism φ :Γ → Γ with φ(Γ ) normal and Γ/φ(Γ ) cyclic is an isomorphism
(onto). A groupΓ is said to be residually finite if for any nontrivial element γ ∈ Γ there is a
homomorphism θ from Γ onto a finite groupK such that θ(γ ) 6= 1K . It is well known that
finitely generated residually finite groups are hopfian. Call a closed manifold N hopfian if
it is orientable and every degree one map N → N which induces a pi1-isomorphism is a
homotopy equivalence.
The next result summarizes useful information connecting hopfian manifolds and
hopfian fundamental groups.
Proposition 2.2 ([8, Theorem 2.2] or [13]). A closed orientable n-manifoldN is a hopfian
manifold if any one of the following conditions holds:
(1) n6 4;
(2) pi1(N) contains a nilpotent subgroup of finite index;
(3) pii(N) is trivial for 1< i < n− 1.
The final item in this section generalizes Daverman’s methods [8] for detecting
codimension-2 orientable fibrators.
Proposition 2.3 [19, Corollary 3.2]. A closed hopfian manifold N with either hopfian
pi1(N) and χ(N) 6= 0 or hyperhopfian pi1(N) is a codimension-2 fibrator.
326 R.J. Daverman et al. / Topology and its Applications 103 (2000) 323–338
3. Products of hopfian manifolds
In this section we discuss conditions under which products of hopfian manifolds are
hopfian manifolds. The first lemma provides the key to detecting the necessary homotopy
equivalences. A famous result of Miller [23] and West [27] assures that it applies to
manifolds.
Lemma 3.1. Suppose X and Y have the homotopy type of connected complexes, and
suppose f :X × Y → X × Y is a map such that f# :pi1(X × Y )→ pi1(X × Y ) is an
isomorphism and both
prX ◦f ◦ jX :X→X× point⊂X× Y →X× Y →X,
prY ◦f ◦ jY :Y → point×Y ⊂X× Y →X× Y → Y
are homotopy equivalences, where jX, jY are inclusions and prX,prY are projections.
Suppose also that
(f ◦ jX)#
(
pik(X)
)⊂ (jX)#(pik(X)) for all k > 1.
Then f is a homotopy equivalence.
Proof. Since pik(X× Y )∼= pik(X)×pik(Y ), f induces isomorphisms of pik(X× Y ) for all
k > 0, and the Whitehead Theorem assures that f is a homotopy equivalence. 2
Say that a group Γ1 is incommensurable with another group Γ2 if there is no nontrivial
homomorphism Γ1 → Γ2. For example, perfect groups are incommensurable with all
abelian groups; finite groups, with torsion free groups; and infinite simple groups, with
finite groups.
The elementary lemmas that follow expose the role of incommensurability here.
Lemma 3.2. If the group Γ1 is incommensurable with the group Γ2 and ψ :Γ1 × Γ2→
Γ1× Γ2 is a homomorphism, then ψ(Γ1 × 1)⊂ Γ1× 1.
Lemma 3.3. If Γ1 and Γ2 are groups and φ :Γ1 × Γ2 → Γ1 × Γ2 an epimorphism
with φ(Γ1 × 1) ⊂ Γ1 × 1, then pr2 ◦φ|1 × Γ2 : 1 × Γ2 → Γ2 is also an epimorphism.
Moreover, if φ :Γ1 × Γ2 → Γ1 × Γ2 an isomorphism with φ(Γ1 × 1) = Γ1 × 1, then
pr2 ◦φ|1× Γ2 : 1× Γ2→ Γ2 is an isomorphism.
Proof. Obviously pr2 ◦φ|1× Γ2 is surjective, as Γ2 is generated by pr2(φ(1× Γ2)) and
pr2(φ(Γ1 × 1))= {1}. The hypothesis concerning isomorphisms implies
φ(1× Γ2) ∩ ker(pr2)= φ(1× Γ2) ∩ φ(Γ1 × 1)
is trivial, which immediately gives injectivity of pr2 ◦φ. 2
Lemma 3.4. Suppose the group Γ1 is incommensurable with the group Γ2 and either Γ1
is cohopfian or Γ2 is hopfian. Then every isomorphism φ :Γ1 × Γ2→ Γ1 × Γ2 satisfies
φ(Γ1× 1)= Γ1 × 1.
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Proof. Application of Lemma 3.2 disposes of the cohopfian Γ1 case. When Γ2 is
hopfian, Lemma 3.3 assures that pr2 ◦φ| : 1 × Γ2 → Γ2 is an epimorphism and, hence,
an isomorphism, based on which one can easily check that φ(Γ1× 1)= Γ1× 1. 2
Lemma 3.5. Let Γ1 be a solvable group and Γ2 a group with no nontrivial abelian normal
subgroups. Then every isomorphism φ :Γ1× Γ2→ Γ1× Γ2 satisfies φ(Γ1 × 1)= Γ1 × 1.
Proof. By taking successive derived subgroups of the solvable group Γ1, we have a
derived series Γ1 > Γ ′1 > Γ ′′1 > · · · > Γ (k−1)1 > Γ (k)1 = 1 for some k. From the fact that
Γ
(i)
1 ×Γ (i)2 = (Γ1×Γ2)(i) is a characteristic subgroup of Γ1×Γ2, we have an isomorphism
φ| :Γ (i)1 ×Γ (i)2 → Γ (i)1 ×Γ (i)2 for each i . Note that Γ (k)1 = 1 implies that Γ (k−1)1 is abelian.
Since Γ (k−1)2 is a characteristic subgroup of Γ2, Γ
(k−1)
2 has no nontrivial abelian normal
subgroup, which yields φ(Γ (k−1)1 × 1) = Γ (k−1)1 × 1 ⊂ Γ (k−2)1 × Γ (k−2)2 . Consider the
induced map
φ|Γ (k−2)1 /Γ (k−1)1 × Γ (k−2)2 :Γ (k−2)1 /Γ (k−1)1 × Γ (k−2)2 → Γ (k−2)1 /Γ (k−1)1 × Γ (k−2)2 .
Again since Γ (k−2)2 has no nontrivial abelian normal subgroup, φ|(Γ (k−2)1 /Γ (k−1)1 × 1)=
Γ
(k−2)
1 /Γ
(k−1)
1 × 1. Hence we have that φ(Γ (k−2)1 × 1)= Γ (k−2)1 × 1. Repetition of this
argument yields the conclusion. 2
Theorem 3.6. Let N be a closed hopfian n-manifold and let A be a closed orientable
aspherical m-manifold such that every automorphism φ of pi1(N) × pi1(A) satisfies
φ(pi1(N)× 1)= pi1(N)× 1. Then N ×A is a hopfian manifold.
Proof. Let f :N × A→ N × A be a degree one map inducing a pi1-isomorphism. By
Lemma 3.3 or Lemma 3.2, we have a map f ∗ :N × A∗ → N × A∗ filling in the middle
row of the commutative diagram
N
f ∗∗
jN
N
N ×A∗ f
∗
Id×q
N ×A∗
prN
Id×q
N ×A f N ×A
where jN is the inclusion, prN is the projection, q :A∗ → A is the universal covering
map, and f ∗∗ = prN ◦f ∗ ◦ jN . Note that jN and prN are homotopy equivalences, since
A∗ is contractible. Moreover, degf = 1 implies that f∗ :Hk(N ×A)→Hk(N ×A) is an
isomorphism for every k > 0. Of course, Z ∼= Hn(N) ⊗ H0(A) is a direct summand of
Hn(N ×A). From the diagram, we see that
f∗
(
Hn(N)⊗H0(A)
)⊂Hn(N)⊗H0(A).
But since f∗ :Hn(N ×A)→Hn(N ×A) is an isomorphism, we have an isomorphism
f∗|Hn(N)⊗H0(A) :Hn(N)⊗H0(A)→Hn(N)⊗H0(A).
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Then by simple diagram chasing, we find that degf ∗∗ = 1. Since f induces a pi1-
isomorphism, so do f ∗ and f ∗∗, and the hopfianness of N implies that f ∗∗ is a homotopy
equivalence. In addition, prA ◦f ◦ iA :A→A is a homotopy equivalence (where iA :A→
N×A and iN :N→N×A are the related inclusions and prA :A×N→A the projection),
as it induces an automorphism of pi1(A) by Lemma 3.3. Asphericity of A insures that
(f ◦ iN )#
(
pik(N)
)⊂ (iN)#(pik(N))∼= pik(N ×A) for all k > 1,
and the hypothesis here insures the same for k = 1. Thus, f is a homotopy equivalence, by
Lemma 3.1, and N ×A is a hopfian manifold. 2
Corollary 3.7. Let F be a closed orientable n-manifold with finite fundamental group, and
let A be a closed, orientable, aspherical m-manifold. Then F ×A is a hopfian manifold.
Proof. Here pi1(F ) is cohopfian and incommensurable with pi1(A), as the latter is torsion-
free. Apply Lemma 3.4. 2
Corollary 3.8. LetN be a closed hopfian n-manifold andA a closed orientable aspherical
m-manifold such that pi1(N) is solvable and χ(A) 6= 0. Then N ×A is a hopfian manifold.
Proof. Since χ(A) 6= 0, work of Rosset [25] implies pi1(A) has no nontrivial abelian
normal subgroup, and Lemma 3.5 confirms that the hypothesis of Theorem 3.6 holds. 2
Corollary 3.9. Let N be a closed orientable n-manifold with nilpotent pi1(N) and let A
be a closed orientable aspherical m-manifold with χ(A) 6= 0. Then N × A is a hopfian
manifold.
Proof. Hopfianness ofN is assured by Proposition 2.2. Nilpotent groups are solvable. 2
The remainder of this section treats products of manifolds having the same dimension.
Proposition 3.10. Suppose N and N ′ are (closed orientable) hopfian n-manifolds such
that each map N → N ′ is null-homotopic and that either pi1(N) is cohopfian or pi1(N ′)
is hopfian. Suppose also that the free part of Hn(N ×N ′) is given by Hn(N)⊗H0(N ′)⊕
H0(N)⊗Hn(N ′)∼= Z⊕Z. Then N ×N ′ is hopfian.
Proof. Consider a degree one map f :N × N ′ → N × N ′ inducing a pi1-isomorphism.
Here f also induces an isomorphism Hn(N × N ′)→ Hn(N × N ′) and restricts to an
isomorphism
freen ≡Hn(N)⊗H0(N ′)⊕H0(N)⊗Hn(N ′)→ freen .
Let α, β denote the generators of Hn(N) ⊗ H0(N ′),H0(N) ⊗ Hn(N ′), respectively. In
terms of these generators, f∗| freen : freen→ freen is specified by an invertible (2 × 2)-
matrix(
a11 a12
a21 a22
)
,
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where the aij represent the coefficients in f∗(α)= a11α+ a12β and f∗(β)= a21α+ a22β .
Define maps g = prN ◦f ◦ jN :N → N , g′ = prN ′ ◦f ◦ jN ′ :N ′ → N ′, where jN :N →
N ×N ′, j ′N :N ′ →N ×N ′ are inclusions and prN :N ×N ′ →N , pr′N :N ×N ′ →N ′ are
projections. Here a12 equals the degree of prN ′ ◦f ◦ jN , a null-homotopic map, so a12 = 0.
Similarly, and in view of the fact that the matrix has determinant 1,
|degg| = |a11| = 1= |a22| = |degg′|.
As a result, both g,g′ induce pi1-epimorphisms; moreover, by the proof of Lemma 3.4,
f#(pi1(N) × 1)= pi1(N ×1), so g induces a pi1-isomorphism. Lemma 3.3 then yields that
g′ induces a pi1-isomorphism as well. Consequently, g and g′ are homotopy equivalences.
The hypothesis here about null-homotopies assures that
(f ◦ jN)#
(
pik(N)
)⊂ (jN)#(pik(N)) for all k.
According to Lemma 3.1, f is a homotopy equivalence. 2
Proposition 3.11. Suppose N and N ′ are hopfian n-manifolds such that pi1(N) and
pi1(N ′) are hopfian and that the free part of Hn(N ×N ′) has rank 2 (hence, is given by
Hn(N)⊗H0(N ′)⊕H0(N)⊗Hn(N ′)). Suppose also that each map N →N ′ has degree
0 and each map N˜ → N ′ is null-homotopic, where N˜ denotes the universal cover of N .
Then N ×N ′ is hopfian.
Proof. Let g = prN ◦f ◦ jN :N → N , g′ = prN ′ ◦f ◦ jN ′ :N ′ → N ′, be the maps
defined in the proof of Proposition 3.10. That argument shows |degg| = |degg′| = 1
and implies g and g′ induce pi1-epimorphisms and, hence, pi1-isomorphisms, because
the fundamental groups involved are hopfian. As N and N ′ are hopfian manifolds, g
and g′ are homotopy equivalences. Now the hypothesis on maps N˜ → N ′ means that
prN ′ ◦f ◦ jN :pik(N)→ pik(N ′) is trivial for all k > 1, and Lemma 3.1 certifies that f
is a homotopy equivalence. 2
Addendum. The conclusion of Proposition 3.11 holds when the hypothesis about maps
N→N ′ is reversed to the requirement that all maps N ′ →N have degree 0.
Proposition 3.12. Suppose N and N ′ are hopfian n-manifolds such that the free part of
Hn(N × N ′) has rank 2, that pi1(N) is incommensurable with pi1(N ′), and that either
pi1(N) is cohopfian or pi1(N ′) is hopfian. Suppose also that each map N→N ′ has degree
0 (or, each map N ′ → N has degree 0) and each map N˜ → N ′ is null-homotopic. Then
N ×N ′ is hopfian.
Proof. Here the hopfian hypothesis on pi1(N), pi1(N ′) is unnecessary, for Lemmas 3.3
and 3.4 assure that g and g′ induce pi1-isomorphisms, and the rest of the proof of
Proposition 3.11 applies. 2
Lemma 3.13. If F and N are closed orientable n-manifolds such that pi1(N) is infinite,
and pi1(F ) is either finite or is incommensurable with pi1(N). Then every map g :F → N
has degree zero.
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Proof. When pi1(F ) is finite, examine the diagram
F˜
g˜
qF
N˜
qN
F
g
N
where qF and qN are the universal covering maps, and g˜ is a lifting of g ◦ qF . Since
Hn(N˜)= 0, the homomorphism (g◦qF )∗ :Hn(F˜ )→Hn(N) is trivial, implying that g◦qF
has degree zero. Since deg(g ◦ qF ) = deg g × deg(qF ) and deg(qF ) = |pi1(F )| > 1, we
conclude that degg = 0.
When pi1(F ) is incommensurable with pi1(N), g lifts to a map g˜ :F → N˜ and the same
argument yields degg = 0. 2
Theorem 3.14. Suppose F and N are hopfian n-manifolds such that pi1(F ) is finite, that
the free part of Hn(F × N) has rank 2, and that each map N˜ → F is null-homotopic,
where N˜ is the universal cover of N . Then F ×N is hopfian.
Proof. For finite pi1(N), the result is obvious. Otherwise, Lemma 3.13 assures that all
maps F → N have degree 0. Essentially Proposition 3.11 (or its Addendum) would give
the conclusion, except for the absence of a requirement here about pi1(N) being hopfian.
Instead, a separate argument must be made that g = prN ◦f ◦ jN :N → N induces an
isomorphism at the fundamental group level, in order to establish that g is a homotopy
equivalence.
Let K be the intersection of all normal subgroups of pi1(N) having index at most
k = order pi1(F ). Then 1 × K equals a similar intersection of normal subgroups of
pi1(F × N) which obviously is characteristic, and thus f#(1 × K) = 1 × K . Moreover,
since g# ◦ (prN)#|1×K = (prN)# ◦ f#|1×K , we see that g# :K→K is an automorphism
on the finite index subgroup K of pi1(N) [12]. As degg = 1, g# is an epimorphism, and a
simple counting argument shows it to be an automorphism of pi1(N). 2
Corollary 3.15. Suppose S is a 1-connected closed n-manifold and N is a hopfian n-
manifold such that the free part of Hn(S × N) has rank 2 and that each map N → S is
null homotopic. Then S ×N is hopfian.
Corollary 3.16. A closed orientable n-manifold N is hopfian if and only if Sn × N is
hopfian.
Proof. The forward implication is routine for finite pi1(N); for the infinite case, one can
readily prove that all maps N˜→ Sn, N˜ the universal cover ofN , are null-homotopic, since
N˜ has the homotopy type of an (n− 1)-manifold (or see [16, p. 53]), and Theorem 3.14
applies. The reverse implication is trivial. 2
Say that an n-manifoldΣn is a rational homology n-sphere if
H∗(Σn;Q)∼=H∗(Sn;Q),
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where Q denotes the rationals; equivalently,
H0(Σ
n;Z)∼= Z∼=Hn(Σn;Z)
and Hi(Σn;Z) is finite for 0< i < n.
Corollary 3.17. Suppose N is a hopfian n-manifold and Σn is a rational homology n-
sphere such that pi1(Σn) is finite. Suppose also that all maps N˜→Σn are null-homotopic.
Then Σn ×N is a hopfian manifold.
Proof. The free part of Hn(Σn ×N) has rank 2 by the Künneth formula. 2
Corollary 3.18. If N is a hopfian n-manifold andΣn is an orientable n-manifold covered
by Sn, then Σn ×N is a hopfian manifold.
Proof. Here the promised finite-sheeted covering map Sn→Σn induces an isomorphism
Hn(S
n;Q) → Hn(Σn;Q), which implies Σn is a rational homology n-sphere. By
a standard lifting argument, the homotopy classes of maps N˜ → Σn are in 1–1
correspondence with those of maps N˜ → Sn, and, just as in Corollary 3.16, the latter is
trivial. 2
Theorem 3.19. Suppose T is a closed, orientable n-manifold with pii(T )= 0 for 1< i <
n − 1 and N is a hopfian n-manifold such that the free part of Hn(N × T ) has rank 2,
that pi1(T ) is incommensurable with pi1(N), an infinite group, and that either pi1(N) is
cohopfian or pi1(T ) is hopfian. Suppose also that Hn−1(N˜;Z)= 0, where N˜ denotes the
universal cover of N . Then N × T is a hopfian manifold.
Proof. Again, the homotopy classes of maps N˜ → T are in 1–1 correspondence with
those of maps N˜ → T˜ , where T˜ is the universal cover of T . By the obstruction-
theoretic classification of maps to such T˜ [16, Corollary VI.16.4], the latter are in 1–1
correspondence with
Hn−1
(
N˜;pin−1(T˜ )
)∼=Hn−1(N˜;Z)⊗ pin−1(T˜ )∼= 0.
Hence, all maps N˜→ T are null-homotopic. Lemma 3.13 indicates that all maps T → N
have degree 0, and Proposition 3.12 assures that N × T is hopfian. 2
Theorem 3.20. Suppose T and N are closed, orientable n-manifolds such that pii(T ) = 0
for 1< i < n− 1, pi1(N) is finite, and the free part of Hn(N × T ) has rank 2. Then N × T
is a hopfian manifold.
Proof. This is just a minor modification of the preceding argument. Here N˜ is a closed
manifold, by finiteness of pi1(N), and Hn−1(N˜;Z)∼=H1(N˜;Z)∼= 0, by Poincaré duality.
When pi1(T ) is infinite, Lemma 3.13 again gives that all maps N→ T have degree 0. The
proof of Theorem 3.14 shows why no hypothesis about hopfian pi1(T ) is needed. 2
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Corollary 3.21. Suppose T is a closed, orientable n-manifold with pii(T )= 0 for 1< i <
n − 1, and Σn is a rational homology n-sphere with pi1(Σn) finite. Then Σn × T is a
hopfian manifold.
4. Products of s-hopfian manifolds
Here we mention an approach for investigating nonorientable manifolds. Let N be a
closed n-manifold which has a 2-to-1 covering. Consider the covering space NH of N
corresponding to H , where H =⋂i∈I Hi with [pi1(N) :Hi] = 2 for i ∈ I . The index set
I is finite [12], and NH is a closed n-manifold, since every (finite) covering of an n-
dimensional orientable manifold is again orientable and all nonorientable manifold have a
2-to-1 orientable covering.
We use the following definition, a slight technical improvement to the strongly hopfian
concept introduced in [20].
Definition. A closed manifold N is s-hopfian if N is hopfian when N is orientable,
and NH is hopfian when N is nonorientable, where NH is the covering space of N
corresponding to H =⋂i∈I Hi with I = {i : [pi1(N) :Hi] = 2}.
From now on, we reserve the symbols H and NH to represent the above. It is worth
emphasizing that we do not insist upon hopfianness of NH when N is orientable, as it
seems unnatural and could be unduly restrictive. Although an orientableN must be hopfian
when NH is, the converse is unknown. In a related setting, index 2 subgroups of hopfian
groups need not be hopfian.
By Proposition 2.2, all closed manifolds with finite or nilpotent fundamental group, all
closed aspherical manifolds, and all closed n-manifolds, n6 4, are s-hopfian manifolds.
Lemma 4.1. For any two closed manifolds N and N ′,
(N ×N ′)H =NH ×N ′H .
Proof. Suppose K is an index 2 subgroup of pi1(N ×N ′)∼= pi1(N)× pi1(N ′). Let K(N)
denote the projected image ofK∩(pi1(N)×1) in pi1(N) andK(N ′) the projected image of
K ∩ (1×pi1(N ′)) in pi1(N ′). Clearly K(N),K(N ′) has index at most 2 in pi1(N),pi1(N ′),
respectively, and K contains K(N)×K(N ′). Hence, (N ×N ′)H =NH ×N ′H . 2
Corollary 4.2. Let N be a closed n-manifold. Then N is s-hopfian if and only if N × Sn
is.
Corollary 4.3. If Σn is covered by Sn and Nn is an s-hopfian n-manifold, then Nn ×Σn
is s-hopfian.
See Corollaries 3.16 and 3.18.
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Theorem 4.4. Let N be a closed s-hopfian n-manifold and let A be a closed aspherical
m-manifold satisfying one of the following conditions:
(1) pi1(N) is finite,
(2) pi1(N) is solvable and χ(A) 6= 0.
Then N ×A is an s-hopfian manifold.
Proof. Here NH is hopfian and AH is aspherical. Under either of the given conditions, a
corollary to Theorem 3.6 confirms that (N ×A)H =NH ×AH is hopfian. 2
5. Products of fibrators
Let =1 denote the class of all closed s-hopfian manifolds N with hopfian pi1(N) and
χ(N) 6= 0, and =2 the class of all closed s-hopfian manifolds N with hyperhopfian pi1(N).
Every N ∈ =1 ∪ =2 is known to be a codimension-2 fibrator (see [19–21]).
In this section, we seek answers to for the following:
Question 5.0. ForN1,N2 ∈ =1∪=2, when is N1×N2 a codimension-2 fibrator? Whether
the product of hyperhopfian groups is hyperhopfian is still open, but we have the following
partial answer:
Lemma 5.1. If G and K are hyperhopfian groups such that G is incommensurable with
K , then G×K is hyperhopfian.
Proof. Let φ :G × K → G × K be a homomorphism with φ(G × K) normal and
(G×K)/φ(G×K) cyclic. Consider the following diagram
G
jG
G
G×K φ G×K
prK
prG
K
jK
K
where jG, jK are inclusions and prG, prK are projections. Then K/prK ◦φ(G× K) is
cyclic. From the fact that prK ◦φ ◦ jG(G) is trivial, prK ◦φ(G×K)= prK ◦φ ◦ jK(K)
andK/prK ◦φ ◦ jK(K) is cyclic. Using the hyperhopficity ofK , we have an isomorphism
prK ◦φ ◦ jK :K→K . Similarly, we have an epimorphism, and therefore an isomorphism,
prG ◦φ ◦ jG :G→G, because prK ◦φ ◦ jG(G) is trivial. As a result, it is easy to see that
φ is an isomorphism. 2
Here is a result which sheds light on the case N1,N2 ∈ =2.
Theorem 5.2. Let N1 and N2 be closed manifolds such that N1 × N2 is s-hopfian and
pi1(N1), pi1(N2) are hyperhopfian groups, one of which is incommensurable with the other.
Then N1 ×N2 is a codimension-2 fibrator.
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Proof. Lemma 5.1 ensures that pi1(N1 × N2) is hyperhopfian, and Kim [21] has proved
that all such manifolds in =2 are codimension-2 fibrators. 2
Corollary 5.3. Let F be a closed n-manifold with finite pi1(F ) and let A be a closed
aspherical m-manifold such that pi1(F ) and pi1(A) are hyperhopfian. Then F × A is a
codimension-2 fibrator.
Proof. By Theorem 4.4, F ×A is s-hopfian. 2
Now we turn to the case N1,N2 ∈ =1.
Theorem 5.4. Let F be a closed n-manifold with χ(F) 6= 0 and let A be a closed
aspherical m-manifold with χ(A) 6= 0. Then F ×A is a codimension-2 fibrator provided
it satisfies one of the following:
(1) pi1(F ) is finite and pi1(A) is hopfian;
(2) pi1(F ) is nilpotent and pi1(A) is residually finite;
(3) F is s-hopfian, pi1(F ) is solvable, and both pi1(F ) and pi1(A) are residually finite.
Proof. First note that pi1(F ×A)∼= pi1(F )×pi1(A) is a hopfian group, because any finitely
presented group with a finite index hopfian subgroup is hopfian [15] for (1), every finitely
generated nilpotent group is residually finite [22] for (2), and obviously for (3). Moreover,
F ×A is s-hopfian, by Theorem 4.4. As χ(F ×A)= χ(F)χ(A) 6= 0, Theorem 3.3 of [20]
yields that F ×A is a codimension-2 fibrator. 2
Finally, we study the case of N1 ∈ =1 and N2 ∈ =2. The analysis relies on the following
lemma.
Lemma 5.5. Let p :Mn+2 → R2 be a proper map defined on an orientable (n + 2)-
manifold such that p is an approximate fibration over R2 \ {0}. Suppose that R :M →
p−1(0)≡ g0 is a strong deformation retraction. Put G= {p−1(x): x ∈R2}.
(1) (cf. [8, Lemma 5.2]) If g ∈G and (R|g)∗ :H1(g)→H1(g0) is an epimorphism, then
(R|g) has degree one.
(2) If each g ∈ G is a closed orientable n-manifold and [pi1(g0) : (R|g)#(pi1(g))] is
finite, then the degree of (R|g) equals[
pi1(g0) : (R|g)#
(
pi1(g)
)]= [H1(g0) : (R|g)∗(H1(g))].
Proof. (1) We verify that (R|g) is degree one map by checking it gives a cohomology
isomorphism betweenHn(g0)∼=H2(M,M \g0) andHn(g)∼=H2(M,M \g) and applying
the universal coefficient theorem to obtain the same for homology. The proof of [8,
Lemma 5.2] shows that
H2(M,M \ g0)→H2(R2,R2 \ 0)
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is an isomorphism. The large step depends on showing p provides an epimorphism
H2(M,M \ g)→ H2(R2,R2 \ p(g)). To find the epimorphism, examine the homology
ladder
Z∼=H2(M,M \ g) ∂
q∗
H1(M \ g)
p′∗
H1(M)
Z∼=H2(R2,R2 \ p(g)) ∼= H1(R2 \ p(g)).
Since for any g ∈G, (R|g)∗ :H1(g)→ H1(g0) is an epimorphism, we see that H1(M \
g)= i∗(H1(g′))+ im(∂), where i :g′ →M \ g denotes inclusion. As point inverses of p
are connected, p′∗ is an epimorphism. With i∗(H1(g)) ⊂ kerp′∗, diagram chasing yields
that p′∗ carries im(∂) isomorphically onto H1(R2 \ p(g)).
Specify a closed diskD ⊂R2 containing 0, p(g) in its interior. One sees what is needed,
the isomorphism between Hn(g0) and Hn(g), in the diagram below.
Hn(g0)
∼=
Hn(p−1(D))
∼=
Hn(g)
∼=
H2(M,M \ g0)
∼=
H2(M,M \ p−1(D))
∼=
H2(M,M \ g)
onto
H2(R2,R2 \ 0) H2(R2,R2 \D) ∼=∼= H2(R2,R2 \ p(g))
(2) Apply [3, Corollary 3.5] to represent pi1(M \ g0) as an extension
1 pi1(g)
i# pi1(M \ g0) Z 1 .
Because g0 has the homotopy type of a codimension-2 compactum from M , the inclusion
M \ g0 → M induces an epimorphism j# :pi1(M \ g0)→ pi1(M). Hence we have that
pi1(g0)/(R|g)#(pi1(g))∼= pi1(M)/j#i#(pi1(g)) is cyclic, so that (R|g)#(pi1(g)) contains the
commutator subgroup [pi1(g0) : pi1(g0)] of pi1(g0). Now, take the covering q :g∗0 → g0
corresponding to (R|g)#(pi1(g)) and determine a lifting (R|g)∗ of (R|g).
g
(R|g)∗
degree=1 g
∗
0
q
g
(R|g)
g0
Here deg(R|g)∗ = 1 by (1), and we obtain that
deg(R|g)= degq = [pi1(g0) : (R|g)#(pi1(g))]= [H1(g0) : (R|g)∗(H1(g))]. 2
Note. In Lemma 5.5 fibers are not required to all have the same homotopy type.
Proposition 5.6. Let F be a closed n-manifold with finite pi1(F ) and χ(F) 6= 0 and let
A be a closed aspherical m-manifold with hyperhopfian pi1(A). Then N ≡ F × A is a
codimension-2 fibrator.
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Proof. Let p :M→ B be an N -like proper map defined on an (n+m+ 2)-manifoldM .
Case 1. M and N are orientable. By Corollary 3.7, N is hopfian; consequently, p is an
approximate fibration over the continuity set C of p. Now in light of Proposition 2.1,
we localize to B = R2 and p is an approximate fibration over R2 \ {0} = C. Also
we assume that R :M → p−1(0) ≡ g0 induces an isomorphism at the pi1 level. From
the exact homotopy sequence for approximate fibration 1→ pi1(g)→ pi1(M \ g0)→
Z → 1, we have that (R|g)#(pi1(g)) is a normal subgroup of pi1(g0) with cyclic
pi1(g0)/(R|g)#(pi1(g)). Applying methods from the proof of Lemma 5.5, we see that
(R|g)#
(
pi1(F )× pi1(A)
)= I × pi1(A),
where I = (R|g)#(pi1(F )× 1). Since pi1(F ) is finite, [pi1(F )× pi1(A) : (R|g)#(pi1(F )×
pi1(A))] is finite, so the degree of R|g is positive by Lemma 5.5.
Regard g,g0 as copies of F ×A and examine the diagram
Hn(F ;Q) (R|g)
∗∗∗
j∗
Hn(F ;Q)
Hn(F ;Q)⊗H0(A∗;Q) (R|g)
∗∗
Id∗ ×q∗
Hn(F ;Q)⊗H0(A∗;Q)
pr∗
Id∗ ×q∗
Hn(F ;Q)⊗H0(A;Q) (R|g)∗ Hn(F ;Q)⊗H0(A;Q)
where j is the inclusion, pr is the projection, q :A∗ → A is the universal covering map,
and (R|g)∗∗ = pr ◦(R|g)∗ ◦ j . As in the proof of Theorem 3.6, we see that (R|g)∗∗∗ is
an isomorphism, so that (R|g)∗(Hn(F ;Q) × 1) ⊂ Hn(F ;Q) × 1, whence we have that
pr ◦(R|g) ◦ j :F → F has positive degree. The fact χ(F) 6= 0 guarantees that (pr ◦(R|g) ◦
j)# :pi1(F )→ pi1(F ) is an isomorphism (see [20] or [8]). As pi1(F ) is incommensurable
with pi1(A), (R|g)# :pi1(F )× pi1(A)→ pi1(F )× pi1(A) must be an isomorphism. By [8,
Lemma 5.2], we have that R2 = C. As before, p ◦ (q1 × q2) is an approximate fibration,
so the same is true of p [6, Lemma 2.5].
Case 2. M is nonorientable. If N has no 2-to-1 covering, by [2, Corollary] and Case 1,
we are done, so assume otherwise.
Claim 1. p is an approximate fibration over the mod 2 continuity set C′ of p.
Localize to the C′ =R2 setting and take the covering space MHH of M determined by⋂{
Cs 6 pi1(F ) : [pi1(F ) :Cs ] = 2
}×⋂{Dt 6 pi1(A) : [pi1(A) :Dt ] = 2}.
Think of two point preimages g,g0 = F ×A over C′. The typical retraction R| :g→ g0 is
embedded in the lower row of the diagram and lifts to R˜ :MHH → FH ×AH in the upper
row.
FH FH ×AH
q1×q2|
MHH
R˜
q1×q2
FH ×AH
qF×qA
FH
qF
F F ×A(= g) M R F ×A(= g0) F
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Properties of C′ ensure that (q1× q2)−1(g) can be regarded as FH ×AH and, since pi1(F )
is incommensurable with pi1(A), the left column can be regarded as the expected covering
qF :FH → F . Applying the argument of Case 1 to the isomorphism
Hn(FH ;Q)⊗H0(AH ;Q)→Hn(FH ;Q)⊗H0(AH ;Q),
we deduce that FH → FH induces an pi1-isomorphism and hence that F → F also induces
a pi1-isomorphism [21, Lemma 3.2]. Consequently, the given map F ×A→ F ×A induces
a pi1-isomorphism.
Claim 2. intB = C′ and ∂B = ∅.
After localizing as before to B =R2 orB =R2+ and concentrating on R :M→ g0 which
restricts to a pi1-isomorphism, we find that (R|g)#(pi1(g)) is a normal subgroup of pi1(g0)
with cyclic quotient. Again (R|g)#(pi1(F )×pi1(A))= I ×pi1(A). Take the covering space
MHH of M determined by⋂{
Cs 6 pi1(F ) : [pi1(F ) :Cs ] = 2
}×⋂{Dt 6 pi1(A) : [pi1(A) :Dt ] = 2}
and consider the following diagram
FI∩H FI∩H ×AH
q1×q2|
MHH
R˜
q1×q2
FH ×AH
qF×qA
FH
qF
F F ×A(= g) M R F ×A(= g0) F
where R˜ is the lifting of R. Here FI ×AH will be the cover of F ×A, i.e., a component
of (q1 × q2)−1(g), for which (qF × qA) ◦ R˜ sends pi1 onto(
I × pi1(A)
)∩ (pi1(FH )× pi1(AH ))= (FI ∩ FH )×AH,
and the vertical map at the left, FI∩H → F, is a covering map. Applying the method of
Case 1 to Hn(FI∩H ;Q) ⊗ H0(AH ;Q)→ Hn(FH ;Q) ⊗ H0(AH );Q), we find that the
composite FI∩H → FH given by the top row has positive degree. As it represents a lift of
a map FH → FH , obtained by lifting the bottom row, again by [9] all such maps must
induce pi1 isomorphisms, and FI∩H = FH . It follows from Case 1 that the composite
p ◦ (q1× q2) is an approximate fibration, indicating B = C′ is a 2-manifold and p itself is
an approximate fibration. 2
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